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Precision test of quantum mechanics – our Universe
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(Dated: April 23, 2018)
Inflation predicts that quantum fluctuations determine the large scale structure of the Universe.
This raises the striking possibility that quantum mechanics, developed to describe nature at short
distances, can be tested by studying nature at its most immense – cosmology. In this note, we
realize this possibility. A nonlinear generalization of quantum mechanics modifies predictions for
the cosmological power spectrum. Observational cosmology is sufficiently precise to place a stringent
limit, b < 3× 10−34 eV, on the size of the nonlinear term.
Quantum mechanics may be the most successful
theory in all of physics. It has been applied suc-
cessfully to widely diverse situations and each suc-
cessful prediction in an atomic, or quantum elec-
trodynamic context is of course a test of quantum
mechanics. It is, however, difficult to subject the
fundamental theory to precision tests. All theories
benefit from having an alternative to serve as a foil.
This is neither easy nor commonly done for quan-
tum mechanics. In the words of Steven Weinberg
[1],
“Considering the pervasive importance of quan-
tum mechanics in modern physics, it is odd how
rarely one hears of efforts to test quantum me-
chanics experimentally with high precision . . . it
ought to be possible to test quantum mechanics
more stringently than any individual quantum the-
ory . . . . Perhaps we can formulate experiments
that would show up departures from quantum me-
chanics itself.”
It is important to find venues where we can test
our most basic assumptions and theories. The cos-
mos presents us with one new arena. Combining
the most successful cosmological model with pre-
cise cosmological data we will be able test quantum
mechanics itself.
A spectacular, and naively counterintuitive, pre-
diction of inflation is that the large scale structure
of our Universe originates from primordial, micro-
scopic quantum fluctuations of the inflaton field φ
which drives inflation. This is possible because of
inflation’s ability to stretch small regions of space
to enormous size. The picture receives strong sup-
port from recent experiments [2]. Data show we
are in the age of precision cosmology and confirm,
to good accuracy, this cardinal prediction of infla-
tion – the imprint of quantum mechanics on the
Universe. Cosmology offers the possibility of sub-
jecting quantum mechanics to new tests that sup-
plement and even rival table top experiments to
test, and put interesting limits on, an alternative
to traditional quantum mechanics.
The large scale structure we see in the cur-
rent Universe originates from early seeds of in-
homogenity in energy density. Such inhomogen-
ities arise from quantum fluctuations of the in-
flaton field δφ(x). The development of these in-
homogeneities in an expanding universe, charac-
terized by the scale factor a(t), is most conve-
niently studied in terms of the Fourier transformed
field δφ~k.
~k/a is the physical wavenumber (inverse
wavelength) of each mode. Restricting ourselves
to de Sitter expansion, defining v~k = aδφ~k, and
analyzing the equations of motion in a Friedman-
Lemaître-Robertson-Walker metric leads to a sim-
plified Mukhanov-Sasaki [3–5] equation for vk,
1
v′′k + (k
2 − a
′′
a
)vk = 0. (1)
Primes denote differentiation with respect to con-
formal time τ . Since vk is complex Eq. (1) repre-
sents two equations one each for the real and imagi-
nary parts(vRk and v
I
k ) of vk. This equation embod-
ies the physical picture of quantum fluctuations
arising early in the Universe and then growing with
inflation only to exit the horizon and freeze out.
Eons after inflation has ended these fluctuations re-
1 Because φ is real v∗
~k
= v
−~k
which gives rise to Eq. (1)
with v~k dependent only on the magnitude k.
2enter our horizon and begin the process of collaps-
ing into today’s structures. During the de Sitter
phase of inflation a′′/a is proportional to 1/τ2 and
becomes very small at early times τ → −∞. In
this limit Eq. (1) becomes that of a 2–dimensional
simple harmonic oscillator (SHO).
Eq. (1) determines the evolution of the fluctu-
ations but does not set their size. This is where
quantum mechanics makes its entrance. In the
quantum regime, fluctuations are inevitable and
if we have the proper quantum model we can cal-
culate the size of those fluctuations. Think of the
SHO where quantum fluctuations of the position
around the potential minimum gives
〈
x2
〉
= ~2mω .
Eq. (1), describes a 2–dimensional oscillator
with m = 1 and time dependent potential
V (vk, τ, k) =
(
k2 − 2
τ2
)
|vk|2. (2)
In the limit τ → −∞ this becomes a SHO, which
upon quantization produces fluctuations 〈v2k〉 = ~2k
fixing the magnitude of vk. The solution to Eq. (1)
is now
vk(τ) =
~√
2k
e−ikτ
(
1− i
kτ
)
. (3)
An important measure of fluctuations in density
is the power spectrum
P(k) = k3〈|δϕk|2〉 = k
3
a2
〈|vk|2〉|τ→0. (4)
For a de Sitter universe, one finds the scale free
behavior
P(k) = Akn−1 (5)
with n = 1. The coefficient A contains a factor
of ~ making the quantum nature of the prediction
explicit. Henceforth we take ~ = 1. Depending on
the precise model for inflation there will be cor-
rections to Eq. (5). Most importantly, slow roll
inflation moves n slightly below 1. The exact shift
depends on the details of the inflationary potential.
The latest Planck data gives n = 0.9655± 0.0062
[2].
Another property of quantum mechanics needed
for the prediction of Eq. (5) is that fluctuations for
different values of k (e.g. k and k′) are independent
of each other. This property is usually attributed
to the linear nature of quantum mechanics.
Just how sensitive is P(k) to the detailed quan-
tum predictions? In particular, are there reason-
able generalizations of quantum mechanics which
will make (testable) predictions for the power spec-
trum and for which these predictions are different
from those of standard quantum mechanics?
The logical structure of quantum mechanics is
rigid and this rigidity makes it difficult to match
its successes with a modified theory. What can
an imagined change or correction to quantum me-
chanics look like? Because almost all physical lin-
ear theories have, at some level, nonlinear correc-
tions, it is natural to ask if there exists small non-
linear corrections to quantum mechanics. This is
more challenging to do than to say, since it is diffi-
cult to add nonlinear terms and maintain sensible
physical interpretation. Nevertheless, several au-
thors have tried [1, 6]. While there are reasons to
be uncomfortable with the nonlinearities (see [7–
11] for discussions and many references) physics
requires testing not comfort.
Bialynicki-Birula and Mycielski were able to
formulate a nonlinear generalization of the
Schrödinger equation with an acceptable interpre-
tation [6] and we propose an experimental, cosmo-
logical test of this possibility. They suggested the
nonlinear Schrödinger equation
~
2m ▽2 Ψ(r, t)− V (x, t)Ψ − bΨ(r, t)ln|Ψ(r, t)|2d
= −i~∂tΨ(r, t) (6)
The constant b, with dimensions of energy, is
a universal, positive constant, while d, with di-
mensions such that Ψ2d is dimensionless, has no
physical significance. This choice of nonlinear-
ity, bΨ(r, t)ln|Ψ(r, t)|2, preserves several desirable
properties of quantum mechanics, i.e. factoriza-
tion of wavefunctions, existence of a lower energy
bound and the Planck relation E = ~ω. There are
also Gaussian solutions. A general pathology of
nonlinear adjustments to the Schrödinger equation
is that noninteracting particles will influence each
other [12]. The logarithmic addition is unique in
allowing factorization of the nonlinear Schrödinger
equation for two noninteracting, nonentangled par-
ticles, thus avoiding this pathology. This indepen-
dence manifests itself in the condition 〈vkvk′〉 pro-
3portional to δkk′ . (For the Schrödinger equation we
found quantization in a box preferable to the con-
tinuous situation especially when considering dif-
feomorphism invariance. See below.)
Experiments were performed [13–15] to find lim-
its on the parameter b with the must stringent lim-
its establishing b < 3× 10−15 eV [15].
The technical task confronting us is to calcu-
late 〈|vk|2〉 in this nonlinear generalization of quan-
tum mechanics. We quantize the modified har-
monic oscillator with the potential in Eq. (2) via
the Schrödinger wave function. This is in contrast
to the usual technique of employing creation and
annihilation operators (Remember that in apply-
ing Eq. (6) to the harmonic oscillator Eq. (1) we
must replace x by vk and t by τ .) The Schrödinger
approach has been used in cosmology by J. Martin
[16] where some calculational details and an exten-
sive set of references can be found. See also [17]
for earlier relevant work.
We need to calculate
〈|vk|2〉0 =
∫
dvkΨ
∗
[(
vRk
)2
+
(
vIk
)2]
Ψ. (7)
We make the Gaussian ansatz for vRk and v
I
k sepa-
rately and omit the superscripts from now on.
Ψ(τ, vk) = N(τ) exp
(−Ω(τ)(vk)2). (8)
with Ω(τ) = g(τ) + ih(τ). Normalization of Ψ
requires N =
(
2g
π
)1/4
, consistent [16, 17] with the
Schrödinger equation, giving
〈|vk|2〉0 = 1
4g
. (9)
Eq. (6) tells us that the functions g and h satisfy
h′ = 2(h2 − g2) + 1
2
k2 − 1
τ2
+ 2bg, (10a)
g′ = 4gh. (10b)
These equations do not, as far as we could de-
termine, allow a closed solution but we can check
interesting limits. If b = 0 the solutions g0 =
k3τ2
2(1+k2τ2) and h0 =
1
2τ(1+k2τ2) reproduce the well
known results for 〈v2k〉 obtained from Eq. (3). For
early times τ → −∞ the solution to Eqs. (10) is
h = 0 and g = 12
(
b+
√
b2 + k2
)
. The choice of this
solution to the quadratic equation for g is dictated
by imposing the boundary condition that b→ 0 is
the standard SHO result. This leads to
Ψ(v, τ) = e(−iEτ)
( g
pi
) 1
4
e(−v
2(
√
b2+k2+b)), (11)
where
E =
b+
√
b2 + k2
2
− b
2
(
lnpi
(
b+
√
b2 + k2
))
(12)
is the ground state energy of the SHO in the non-
linear theory [6]. Thus we start out in the appro-
priate vacuum (lowest energy) state .
The power spectrum is determined by τ → 0
and, since b is very small, we approximate the so-
lutions to Eqs. (10) as a power series in b, g =
g0 + bg1 + ... and h = h0 + bh1 + .. To first order
in b we find
g(τ) −−−→
b→0
1
2
k3τ2
k2τ2 + 1

1 + b
k
+ 4
b
k
τ∫
−∞
h1(t) dt

 ,
(13)
which is readily seen to satisfy Eq. (10b).
Numerical integration of the system of Eqs. (10)
gives
g(τ) −−−→
τ→0
k3τ2
2
(
1 + 1.7
(
b
k
))
(14)
leading to the prediction for the power spectrum
P(k) = Akn−1 1
1 + 1.7bk
. (15)
Slow roll corrections will be the same as for the
standard treatment. The data clearly tell us that
P(k) decreases with k leaving little room for the
nonlinear quantum mechanics correction which in-
creases with k. The Planck fits are done with a
pivot scale k∗ = 0.05 Mpc−1. A simple fit to P(k)
using the same pivot scale gives b/k∗ < 10−3 setting
a limit
b < 3× 10−34 eV, (16)
many orders of magnitude better than the best ter-
restrial measurements of 3× 10−15 eV.
4The appearance Eq. (15) of factors of b/k seem
to violate diffeomorphism invariance which in its
simplest form asserts that physics should be in-
variant under the rescaling a→ λa and x→ λ−1x.
While we were willing to consider changing quan-
tum mechanics, we will be conservative and not in-
troduce changes to General Relativity from which
diffeomorphism invariance arises. To analyze this,
we must examine the properties of b under such
transformations. We therefore insist that the ac-
tion S =
∫
dτ dvk L is diffeomorphism invariant
where L, the Lagrangian density, is given by
L = Ψ∗ ∂Ψ
∂τ
− ∂Ψ
∗
∂vk
∂Ψ
∂vk
+ V (vk, τ, k)|Ψ|2
−b|Ψ|2ln(|Ψ|2d). (17)
τ , k, and φ(x), the inflaton field, are assumed to
have the standard variations under a → λa i.e.
k → λk, τ → λ−1τ and φ(x) → φ(λ−1x). The
properties of vk and Ψ can be determined by the
definition of vk in terms of δφk and the normal-
ization of Ψ. This implies that vk → λ−1/2vk
and Ψ → λ1/4Ψ. The action will be invariant if
L → λ3/2L which will be true if b → λb. This
means that b is not a true constant but varies
with the size of the Universe, reminiscent of Dirac’s
large number hypothesis. It is quite difficult to test
this behavior since obvious cosmological tests (and
our equations) involves b/k which is, in fact, con-
stant as demanded by diffeomorphism invariance.
Alternatively, since b would be a fundamental
quantity of unknown origin, possibly even aris-
ing from corrections from quantum gravity, it is
conceivable that it violates this simple form of
diffeomorphism invariance. Our limit on b still
holds, but now it is a combined test of corrections
to quantum mechanics and diffeomorphism invari-
ance.
The purpose of this note is not to challenge
quantum mechanics but to celebrate modern
cosmology. The strides made in experimental
and theoretical cosmology in the past decades
have made it a precision science. This precision
strongly re-enforces the inflationary paradigm
whose most spectacular result is that the large
scale structure of the Universe is determined by
small scale quantum fluctuations. To highlight
this striking prediction we made the assumption
that inflation is true and used it to test quantum
mechanics. Remarkably we obtain an extremely
tight restriction on a specific nonlinear general-
ization of quantum mechanics that far exceeds
precision laboratory experiments.
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